In this paper we continue the work begun in 2002 on the identification of the analytical expressions of Feynman integrals which require the evaluation of multiple elliptic integrals. We rewrite and simplify the analytical expression of the 3-loop self-mass integral with three equal masses and on-shell external momentum. We collect and analyze a number of results on double and triple elliptic integrals. By using very high-precision numerical fits, for the first time we are able to identify a very compact analytical expression for the 4-loop on-shell self-mass integral with 4 equal masses, that is one of the master integrals of the 4-loop electron g-2. Moreover, we fit the analytical expressions of some integrals which appear in lattice perturbation theory, and in particular the 4-dimensional generalized Watson integral.
Introduction
Analytical expressions of many Feynman diagrams contain polylogarithmic functions of various kinds (Nielsen polylogarithms, Harmonic polylogarithms 1 , Harmonic sums 2,3 , multiple zeta values, Euler sums 4 , etc. . . ). But there exist Feynman integrals which cannot be described only in terms of polylogarithms.
At two-loop level, the discontinuity of the off-shell massive "sunrise" diagram with different masses is expressed by elliptic functions. At three (or more) loop level the situation worsens. These diagrams contain nested multiple elliptic integrals; the current mathematical knowledge of such integrals is scarce or missing. At this preliminary stage, "experimental mathematics" is the best tool. In other words, high-precision numerical values of the integrals are fitted 5 with various candidate analytical expressions until an agreement is found. The equalities are then checked up to hundreds or thousands of digits. In this way the right analytical expression is identified beyond any reasonable doubt. This may be the starting point of the subsequent search for a rigorous proof of the result, task which may take months of hard work 6,7,8 . In Ref. 5 we work out a very high-precision value of the 3-loop scalar master integral of the "sunrise" diagram S 3 of Fig.1 ; then we fit that value with products of elliptic integrals, checking the equality with a precision of thousand of digits.
In this paper we continue the work on the 3-loop integral, and we simplify the 3-loop analytic result by using some identities between elliptic integrals. Next we review and develop the approach used for fitting and identifying the 3-loop integral and we apply it to the 4-loop scalar master integral of the "sunrise" diagram S 4 of Fig.1 . The analytical calculation of this master integral is also of physical interest, because it is the simplest non-trivial master integral of the 4-loop electron g-2 (of which a high-precision numerical calculation is under way 9 ). Very likely, the analytical constants which appear in the expression of S 4 should also appear in the analytical expression of 4-loop g-2. We calculate an high-precision value of S 4 and we are able to fit this value with an expression containing two new elliptic constants, checking the equality with a precision of thousand of digits.
We apply this procedure also to the values of some 4-dimensional lattice integrals, and we identify their analytical expressions; surprisingly, they contain the same elliptic constants of the 4-loop integral.
The plan of the paper is the following: In section 2 we simplify the results of Ref. 5 by using identities between elliptic integrals. In section 3 we study the 4-loop "sunrise" integral. We collect a number of results on a "simplified" version of the integrals involved. Then we use these results as a guide for identifying the candidate analytical expressions suitable for fitting the 4-loop results. In section 4 we show the analytical results found for the 4-loop integrals. In section 5 we fit the values of some 4-dimensional lattice integrals with the same analytical constants discovered in the 4-loop integrals. In section 6 we give our conclusions. , D) with equal masses m j = 1, and on-shell external momentum (see Fig.1 )
where
By using an hyperspherical representation for the integral, we found that the value of S 3 could be expressed as a sum of various double elliptic integrals, the simplest being 
We were not able to calculate A 3 in analytical form. Therefore we evaluated it at very high precision and we tried to fit the numerical value with various kinds of analytical expressions. In Ref. 5 we found that where K is the first of the two elliptic integrals
We were able to fit the values of S 3 in 2 and 4 dimensions:
Eq. (5), Eq. (7) and Eq. (8) were checked up to 30000, 40000 and 1200 digits, respectively.
New relations between elliptic integrals
Now we note that the arguments w ± of the elliptic integrals are singular values. In the context of elliptic integrals k r is a called singular value if
where r is an integer or a rational number. The arguments w ± of elliptic integrals are singular values for r = 15 and r = 5/3 respectively,
The values of elliptic integrals of second kind of Eq. 
a The two-dimensional value (7) was calculated together with (8), but not published in Ref. 5 .
By using the values 10
and expressing K(k 5/3 ) by using Eq.(11), we are able to rewrite Eq. (7) and Eq. (8) in the very compact form
(19) Eqs.(10)- (15) were also shown by David Broadhurst in his beautiful talk given in Bielefeld 11 . After the talk, our unpublished results (17)-(19) were shown to David Broadhurst.
The path to Eq.(5)
For sake of completeness we recall here some unpublished observations that suggested us the form of Eq.(5). First we calculated analytically the simplest double elliptic integral:
which factorizes in the square of the elliptic integral K. Then we observed that in the diagram S 3 (−1, 1, 1, 1, 1) the value of the square of the external momentum p 2 is −1, which is different from the threshold (p 2 = −16) or the pseudothresholds (p 2 = −4, 0). We expected that the analytical expression is much simpler for the on-threshold diagram than for the off-threshold diagram. So we considered the above graph with one mass changed: S 3 (−1, 1, 1, 1, 2). Now the value of p 2 = −1 is on a pseudothreshold (which are at p 2 = −1, −9, −25). The integral analogous to A 3 is We were able to fit the numerical value of A ′ 3 with
Subsequently, as we expected the form of A 3 to be more complicated than A ′ 3 , we tried also products of K with different arguments, and we found Eq.(5).
Four-loop single-scale self-mass integral
Now we consider the single-scale 4-loop self-mass diagram S 4 (p 2 , m 
.
As already said in the introduction, this is also one of the several master integrals which appear in the calculation of 4-loop g-2.
The first observation is that, fortunately, the value of p 2 = −1 in S 4 is already on a pseudothreshold (which are p 2 = −1,−9,−25); therefore to simplify the analytical structure of the integral we have not to use the mass change of the previous section 2.3.
High-precision numerical values
We need an high-precision numerical value of this integral in order to obtain a meaningful fit. This is worked out by using the difference equation method presented in Refs. 13, 14. Summarizing, one raises to n one denominator of Eq.(23)
The function X 4 (n) satisfies the fourth-order difference equation
and J is the one-loop integral
Eq.(25) contains in the r.h.s. the integral obtained from S 4 by contracting one line, which factorizes into the product of 4 one-loop tadpoles. The solution of Eq.(25) compatible with the large-n boundary condition X 4 (n) ∝ n −D/2 can be written as 
All the above numerical constants were calculated with a precision of over 2400 digits; for the sake of space we show here only the first 25.
Triple elliptic integrals
By using an hyperspherical representation for the integral, S 4 (−1, 1, 1, 1, 1, 1, D = 2) and the finite part of S 4 (−1, 1, 1, 1, 1, 1, D = 4 − 2ǫ) contain triple elliptic integrals, the simplest being 
are the two zeroes of R(r, l, m). A 4 and B 4 are the 4-loop integrals analogues of the 3-loop integral A 3 , and we have to find their analytical expressions.
Simplifying the problem
First of all we consider the simplest triple elliptic integral with structure similar to Eq.(32): 
Integrating over y and x
No analytical expression is known for 4 F 3 ; 1 . Trying to understand the reason of that, we study the following family of integrals:
We consider here only the integrals which have results containing elliptic constants. At the value m + n = 1 there is the integral
equivalent to Eq. (20); note that it factorizes in a square of K(1/2) = Γ 2 (1/4)/(4 √ π). At the value m + n = 2 we find numerically that the six integrals
can be expressed in terms of A and B. At the value m + n = 3 we find a surprise: six integrals factorizes into the fourth power of K(1/2).
The analytical results (42)-(52) have been fitted numerically and checked up to 200 digits of precision. We find results factorized at level 2 and 4, but not at level 3 (odd).
This behaviour reminds us of the non-factorization of values of Riemann ζ-function at odd integers, and suggest to consider the constants A and B as irreducible objects. We can relate A and B to multidimensional ζ-like quadruple series. Let us consider the integrals
These integrals correspond to the integrals (43), (45), (42), for m = 0, 1, 2, respectively, and their values are I 0 = 2B, I 1 = 2A, I 2 = B. We apply the change of variable
where θ j (q) are the Jacobi Theta Functions, then
Expanding in series the θ functions, and integrating over q term-by-term, I m becomes a quadruple series
for m = 2 the series converges, so that
where the prime means that the origin i = j = k = l = 0 must be excluded in the summation.
Integrals of products of homogeneous solutions
Coming back to the 4-loop integral, if we close the 4-loop self-mass diagram S 4 by connecting together the two external lines, we obtain a 5-loop vacuum diagram. The 5-loop vacuum diagram can be decomposed into two 2-loop self-mass diagrams connected together. Therefore in D = 2 dimensions its value is given by the integral of the square of the 2-loop self-mass diagram d 2 p S given in the Appendix of Ref. 12; for example, if 0 ≤ u ≤ 1 they read
In Ref. 12 we found also that
We consider here the integrals of products of J i : we have checked up to 2400-digits of precision the following equalities:
and
Therefore we have identified some one-dimensional integral representations of the numerical constants A 4 and B 4 .
The key observation
Eqs. (60)- (65) are not satisfactory elementary definitions of A 4 and B 4 , because of the complexity of the arguments of the K function in Eq.(58). Our aim is to find out integral representations of A 4 and B 4 as simple as Eq. (42) and Eq.(45). We make a comparison between the integrals of products of K of the family (40) and the integrals of products of J i . Eq.(59) corresponds to
We try to modify the integrand of (66) so that the result contains the constant Cl 2 (π/3). Our many year experience with the analytical calculation of 3-loop g-2
suggests that such a constant is usually associated with integrals containing the polynomial 1 + t + t 2 in the denominator. This is a factor of 1 − t 3 . Therefore we try to consider a "cubic" modification of the usual elliptic integral K(m). One fruitful choice is
or, equivalently, expressing them in terms of the hypergeometric function
Now we calculate the numerical values of the integrals obtained by replacing K with K c in Eq. (40), and we look for relations with the constants A 4 and B 4 . Luckily, we find
We stress the tremendous simplification obtained by going from the usual description with elliptic integrals (58)-(62) to the "cubic" version (68)-(70).
Four-loop results
For the sake of brevity we define the following constants We find that
or, alternatively,
we note the appearance of the factor 4π/3, similar to the appearance of 4π/ √ 15 in Eq. (7) . By using the integer-relation search program PSLQ 18 we have been able to fit the numerical result of Eq.(29) with the analytical expression
The equalities Eq.(74) and Eq.(76) are the main result of this paper; they have been checked up to 2400 digits of precision. Note that constant D does not appear in Eq.(74) and Eq.(76).
Four-dimensional lattice integrals
Considering lattice perturbation theory, at one loop level one finds these integrals 15
and 
Some years ago, while visiting the Department of Physics of Parma, York Schröder pointed out to the author that, whether 3-loop g-2 was known in analytical form, no analytical result was known for the "simple" lattice 1-loop tadpole Z 0 . Puzzled by this fact, and noting that Z 0 can be reduced to a triple elliptic integral, we have tried to relate the numerical values of Z 0 and Z 1 to the new constants C, D and E. Working with only 10-digits precision numbers we have discovered numerically that
That is
By using again PSLQ, we have also found that
Values of Z 0 and Z 1 with 400 digits of precision are quoted in Ref. 15 . Very kindly, York Schröder provided us 16000-digits values. By using these numbers, we have checked Eq.(80) and Eq.(81) up to 2400 digits of precision, the maximum precision of our values of C and E. 
Conclusions
In this paper we have at last identified beyond any reasonable doubt the analytical constants which appear in the simplest non-trivial 4-loop g-2 master integral. We have also discovered that the same constants appear in some 4-dimensional lattice integrals. Clearly we still do not know a rigorous proof of these relations, but, once the form of the results is known, we hope that proofs will be easier to find (see the very recent papers 6,7,8 ).
Note on Ref. 6
While we were completing this paper, kindly David Broadhurst sent us a copy of his new paper 6 . In that paper, several elliptic integral evaluations of Bessel moments are performed. In particular, a proof of our Eq. 
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